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Generalized Dynamic Analysis of Structural Single Rocking Walls (SRWs) 
Abstract 
The investigation of structural single rocking walls (SRWs) continues to gain interest as they produce self-
centering lateral load responses with reduced structural damage. The Simple Rocking Model (SRM) with 
modifications has been shown to capture these responses accurately if the SRW and its underlying base 
are infinitely rigid. This paper advances previous rocking models by accounting for: 1) the inelastic 
actions at or near the base of the SRW; and 2) the flexural responses within the wall. Included in the 
proposed advancements are hysteretic and inherent viscous damping associated with these two 
deformation components so that the total dynamic responses of SRWs can be captured with good 
accuracy. A system of nonlinear equations of motion is developed, in which the rocking base is 
discretized into fibers using a zero-length element to locate the associated compressive deformations 
and damage. The flexural deformations of the rocking body are captured using an elastic term, while the 
impact events are modeled using impulse-momentum equations. Comparisons with experiments of 
structural precast concrete and masonry SRWs show that the proposed approach accurately estimates 
the dynamic responses of different SRWs with and without unbonded posttensioning, for various dynamic 
excitations and degrees of hysteretic action. Using the proposed approach, a numerical investigation 
employs different configurations of structural SRWs to quantify the various sources of energy loss, 
including hysteretic action and impact damping, during various horizontal ground motions. 
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Generalized Dynamic Analysis of Structural Single Rocking Walls (SRWs) 
Dimitrios Kalliontzis1, Arturo E. Schultz1, and Sri Sritharan2 
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The investigation of structural single rocking walls (SRWs) continues to gain interest as they produce self-centering 
lateral load responses with reduced structural damage. The Simple Rocking Model (SRM) with modifications has 
been shown to capture these responses accurately if the SRW and its underlying base are infinitely rigid. This paper 
advances previous rocking models by accounting for: 1) the inelastic actions at or near the base of the SRW; and 2) 
the flexural responses within the wall. Included in the proposed advancements are hysteretic and inherent viscous 
damping associated with these two deformation components so that the total dynamic responses of SRWs can be 
captured with good accuracy. A system of nonlinear equations of motion is developed, in which the rocking base is 
discretized into fibers using a zero-length element to locate the associated compressive deformations and damage. The 
flexural deformations of the rocking body are captured using an elastic term, while the impact events are modeled 
using impulse-momentum equations. Comparisons with experiments of structural precast concrete and masonry SRWs 
show that the proposed approach accurately estimates the dynamic responses of different SRWs with and without 
unbonded posttensioning, for various dynamic excitations and degrees of hysteretic action. Using the proposed 
approach, a numerical investigation employs different configurations of structural SRWs to quantify the various 
sources of energy loss, including hysteretic action and impact damping, during various horizontal ground motions. 
KEYWORDS 
Free rocking; hysteretic and impact damping; masonry; precast concrete; single rocking wall; unbonded 
posttensioning 
STRUCTURAL SINGLE ROCKING WALLS 
The use of rocking to develop structural walls for seismic resistance was examined in the PREcast Seismic Structural 
Systems (PRESSS) program [1-7]. In one of these investigations, a system of two precast concrete rocking walls with 
unbonded posttensioning (UPT) and supplemental energy dissipating elements named as UFPs was tested using 
pseudo-dynamic loading. The two walls underwent small damage, which was concentrated at their compression toes 
[5, 6]. These responses stemmed from the walls’ ability to lift off at the wall-to-foundation interface (i.e., rocking 
interface), as in Figure 1b. Upon removal of the lateral loads, the walls effectively returned to → 0 (i.e., Figure 1a) 
by means of UPT. During the second phase of the PRESSS program, researchers investigated the lateral responses of 
structural Single Rocking Walls (SRWs). SRWs refer here to uncoupled wall systems with dry connections at the 
foundation base that make no use of supplemental energy dissipating elements. Kurama et al. [7] developed an 
analytical approach for precast concrete SRWs to estimate their force-displacement envelopes. Later, Perez et al. [8] 
performed quasi-static tests of five 5/12-scale precast concrete SRWs to quantify their hysteretic behavior. It was 
verified that inelastic deformations in SRWs concentrate at their toes. In 2001, rocking was used by Laursen and 
Ingham [9] to develop concrete masonry SRWs. Using quasi-static tests, they investigated fully-grouted, partially-
grouted, and ungrouted SRWs in full-scale. Like precast concrete SRWs, all fully-grouted masonry SRWs showed 
excellent re-centering with major damage occurring at their toes. Nevertheless, the tested partially-grouted and 
ungrouted walls underwent shear failures, due to the reduced masonry shear resistance and absence of shear 
reinforcement. The re-centering performance of fully-grouted masonry SRWs was later verified in other research 
studies [10-12]. 
All above-referenced studies examined the lateral load behavior of SRWs using quasi-static testing. Due to this test 
procedure, dynamic impacts at the rocking interface and accompanying energy loss are prevented [13]. The dynamic 
response of SRWs was examined by Marriott [14] and Wight et al. [15], who tested 1/3-scale precast concrete and 
full-scale concrete masonry SRWs, respectively, using shake table excitations. These tests enabled estimation of the 
overall energy loss in SRWs. For example, Marriott estimated a total damping ratio of 1 to 3% in the SRWs, which 
would have included contributions from various mechanisms (e.g., dynamic impact, hysteretic action, and other 
sources). More recently, Nazari et al. [16] used shake table tests to separately quantify the different damping 
components in four 5/18-scale precast concrete SRWs. For lateral drifts in the range of 1.4 to 2.6%, these researchers 
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attributed a 1.5% equivalent damping ratio to dynamic impact and 4.2% to hysteretic action and inherent viscous 
damping combined. Following experimental observations, researchers attempted to capture the responses of 
experimental SRWs using numerical models [14-19]. These models lumped the total energy loss of SRWs into 
continuous damping mechanisms (e.g., using viscous and friction dampers), which were selected to specifically 
address the experimental SRW systems. Accordingly, impact energy loss was incorporated through continuous 
damping, ignoring the fact that impacts occur rapidly and at discreet instances, as observed experimentally in [16, 20]. 
 
 
Figure 1 Rocking wall with concentric unbonded posttensioning a) when 𝜽 → 𝟎; and b) when 𝜽 > 0. 
 
SIMPLE ROCKING MODEL AND IMPROVEMENTS 
 
A more accurate estimation of impact energy loss has been attempted using the simple rocking model (SRM). The 
SRM was developed by Housner [13] and included a rigid rectangular block rocking on a rigid flat surface. When 
excited laterally, the block pivots with respect to one of its bottom corners, as shown in Figure 2.  
 
 
Figure 2 The simple rocking model as described by Housner [13]. 
 
In the SRM, energy loss occurs at the impact, when → 0, which is estimated using the reduction of energy factor 












                                                                                                                            (1) 
 
where ̇+, ̇− denote the rotational velocities of the block just after and just before the impact; 𝐼𝑜  is the mass moment 
of inertia of the block with respect to its bottom corner; 𝑀 is the mass of the block; 𝑅 is the distance of the center of 
mass of the block from its bottom corner; and 𝛼 expresses the slenderness ratio of the block as 𝛼 = 𝑡𝑎𝑛−1(𝑏/ℎ).  
 
Later, the SRM was employed to numerically investigate the dynamic behavior of rocking blocks (e.g., [21-27]), and 
experiments were used to verify Eq. 1 (e.g., [22, 28-34]). For example, [33] used artificial protrusions to enforce the 
pivot point of the rocking block at its bottom corners, observing that the experimental 𝑟 provides a satisfactory 
agreement with Eq. 1. However, experiments with realistic configurations of blocks (i.e., no artificial protrusions at 
the rocking interfaces) showed that Eq. 1 consistently overestimates the impact energy loss. In [34], the assumption 
of an infinitely rigid block was experimentally observed to be the reason for this overestimation, noting that actual 
rocking blocks, like SRWs, develop a finite contact area with their foundation base, which is due to the compressive 
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where 𝐼𝑐𝑚 is the mass moment of inertia of the rocking block about its center of gravity; and 𝑘 is a dimensionless 
parameter that was estimated as 𝑘 = 0.72 using experiments of free-standing concrete members, with one of those 
members representing SRWs [34].  
 
More recently, Eq. 2 was adopted in [35] to investigate 𝑟 in small-scale free-standing aluminum blocks. This research 
study confirmed experimentally that the SRM overestimates 𝑟 in these blocks and proposed an approach for estimating 
𝑘 as a function of the block’s size and slenderness ratio. A different approach for estimating 𝑟 was proposed in [36], 
which assumed that rocking blocks pivot about their bottom corners but also that the vertical impulses at impacts may 
occur at random locations away from these corners, producing random 𝑟 values that can differ from Eq. 1. The 
accuracy of the latter approach was not examined with respect to experimental data. 
 
Despite the improvements in estimating 𝑟, no consideration was given in the MSRM (or SRM) to energy loss other 
than the impact. Several research studies (e.g., [37-47]) have analytically considered mechanisms to capture 
continuous energy loss (e.g., in the forms of friction and/or viscous damping) and different response modes (e.g., 
flexure, sliding, and/or jumping with respect to the rocking interface), but their solutions were intended to address 
problems other than SRWs (e.g., rocking of building structures on elastic foundations; slender rocking members that 
can undergo large elastic flexural deformations). Although some of these research studies could be extended to model 
SRWs, consideration to material nonlinearities around the rocking interface would be necessary to capture the 
hysteretic action in SRWs. Due to this limitation, the rocking models proposed in these research studies cannot be 




The present study develops a dynamic analysis approach for structural SRWs to improve previous models, such as the 
SRM or MSRM, by representing each energy loss component individually and by estimating localization of damage 
in the wall toes, as observed in experimental studies. In addition to impact, the analysis includes components that are 
associated with: a) compressive deformations at or near the wall base; and b) elastic flexural deformations within the 
wall body. Accordingly, a generalized solution is developed that is independent of a specific problem, so that it can 
be applied to various geometries, designs, and materials of SRWs.  This is verified using test units that represent 
precast concrete and masonry SRWs of prototype buildings: 1) a precast concrete SRW without UPT (i.e., free-
standing SRW) that was tested in [48] using free vibration motions; and 2) a masonry SRW with UPT (i.e., controlled 
SRW) that was tested in [15] under shake table motions. It is shown that the analysis approach adequately captures 
the lateral responses of these different SRWs under various dynamic excitations. Subsequently, the analysis approach 
is used to estimate the contributions of hysteretic action and other sources to the total energy loss in structural SRWs. 
 
DYNAMIC ANALYSIS APPROACH 
 
Figures 3 and 4 show a SRW as assumed in the dynamic analysis approach. The following assumptions are used: 
• The SRW has a height 𝐻𝑤, a base of length 𝐿𝑤, and a thickness 𝑡𝑤. The SRW can be posttensioned with unbonded 
tendons, which are placed at a distance 𝑃𝑇 from the wall centerline. As in several experimental SRWs (e.g., [15-
19]), an added mass with height 𝐻𝑠 and length 𝐿𝑠 can be placed at the top of the SRW to simulate seismic mass. 
• The SRW is braced adequately against torsional and out-of-plane deformations within the wall, while the lateral 
friction at the rocking interface prevents the wall from sliding relative to the foundation base. 
• The foundation base has higher compressive strength than the wall base and undergoes minimal deformations during 
rocking motions. This assumption is based on the use of high-strength grout pads to develop the rocking interface 
in precast concrete SRWs, while masonry SRWs are constructed on top of concrete foundations, which typically 
have higher compressive strengths than the masonry walls. 
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• The dynamic motion of SRWs can be estimated with respect to an inertia frame N{x, z} that is located at the middle 
of the foundation top surface, as shown in Figure 3. A moving frame designated as E{ξ, η} is located at the midpoint 
of the bottom face of the wall. E{ξ, η} rotates and translates with that point, as shown in Figure 3. 
• For lateral drift ratios < 10% (e.g., as in [1-12, 14-20]), the motion of the wall can be described using three degrees 
of freedom (DOFs): a)  that estimates the in-plane wall rotations with respect to N{x, z}; b) 𝑢, which is the flexural 
motion within the wall, and is measured with respect to N{x, z}; and c) 𝑣, which is the vertical motion of point E, 
and is measured with respect to N{x, z}. As per selection of these three DOFs, the horizontal displacement of the 
midpoint at the wall base is neglected, which is an adequate assumption for the above-referenced range of drifts. 
 
 
Figure 3 A single rocking wall subjected to rocking and flexural motions. 
 
• Combining the  and 𝑣 DOFs estimates wall base deformations and contact lengths, 𝑐𝜃, at the rocking interface to 
satisfy dynamic equilibrium of vertical forces, as shown in Figure 4. In other words, the analysis does not require 
establishing 𝑐𝜃 prior to the wall responses as in [33, 49-51], but wall deformations and 𝑐𝜃 are computed in every 
step of the analysis, accounting for variations in the vertical inertia forces and degradation of the toes.  
 
 
Figure 4 Combined rotational  and vertical 𝑣 motions of the single rocking wall. 
 
• Since SRWs undergo small or negligible flexural deformations as shown in [17, 48-54], the analysis approach 
assumes the flexure mode to respond elastically. Shear deformations are not accounted in the analysis, as previous 
research has shown that their contribution to the total wall displacements can be neglected [52]. 
• Inelastic deformations concentrate at or near the wall base and are modelled using sectional analysis with a zero-
length element being discretized into fibers as per [52]. This sectional analysis assumes that the element plane 
remains plane and normal to the longitudinal axis during deformation. All compressive deformations in the fibers 
occur below a height of 𝑍𝑐 that is measured from the foundation base upwards and defines a zone near the wall base 
in which these deformations are localized, as indicated in Figure 4. This approach has been shown in [52 and 53] 
to accurately capture the hysteretic action and degradation in experimental SRWs subjected to lateral loads.  
• The zero-length element consists of N fibers (i.e., where the jth fiber is denoted as ej in Figure 4). The fibers that 
reside within the contact region (i.e., within the contact length cθ in the x-z plane) are subjected to a linear 
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distribution of vertical compressive deformations, as shown in Figure 4. No deformation is imposed on the fibers 
that lift off the foundation base, except any residual deformations that have been induced in preceding responses. 
• Based on the experimental observations [20, 34, and 48], structural SRWs experience impacts with the foundation 
base when → 0. These impact events: a) are of minimal duration compared to the period of rocking motion; and 
b) induce finite impulses to the SRWs in the vertical and horizontal directions. Thus, they can be modeled for 
practical purposes as instantaneous events with the use of impulse-momentum equations to account for the impulses 
in the two directions. It is noted that compressive deformations in the fibers are neglected at the impacts because of 
them being very small.  
 
Equations of Motion 
 
The equations of motion of a SRW can be developed using the extended Hamilton’s principle [55], as stated in Eq. 3: 
 
𝛿 ∫(𝐾 − 𝑉 +𝑊𝑃𝑇 +𝑊𝐶𝑓 +𝑊𝑐)𝑑𝑡 = 0                                                                                                                                                    (3) 
 
where 𝛿 is the variation operator; 𝐾 is the kinetic energy in the SRW; 𝑉 is the potential energy in the SRW; 𝑊𝑃𝑇, 𝑊𝐶𝑓, 
and 𝑊𝑐 denote the work produced by the unbonded tendons (if they are present in the SRW system), the compressive 
deformations of the fibers, and the inherent viscous damping forces that are not related to or captured by the modelled 
hysteresis, respectively.  
 
For lateral drift ratios < 10%, the position coordinates, {x, z}, of a point on the SRW can be estimated as follows: 
 
𝑥𝑝 = (𝑢 + )𝑐𝑜𝑠 + (𝜉 − 𝑢
′)𝑠𝑖𝑛                                                                                                                                         (4) 
 
𝑧𝑝 = 𝑣 − (𝑢 + )𝑠𝑖𝑛 + (𝜉 − 𝑢
′)𝑐𝑜𝑠                                                                                                                                          (5) 
 
where ξ and η denote the coordinates of the moving frame E that is shown in Figure 3; and  𝑢′ =
𝜕𝑢
𝜕𝜉
. Using Eqs. 4 
and 5, the velocity components of the point with respect to N{x, z} can be estimated using Eqs. 6 and 7: 
 
?̇?𝑝 = ̇[−(𝑢 + )𝑠𝑖𝑛 + (𝜉 − 𝑢
′)𝑐𝑜𝑠 ] + ?̇?𝑐𝑜𝑠 − ?̇?′𝑠𝑖𝑛                                                                                                   (6) 
 
?̇?𝑝 = ?̇? − ̇[(𝑢 + )𝑐𝑜𝑠 + (𝜉 − 𝑢
′)𝑠𝑖𝑛 ] − ?̇?𝑠𝑖𝑛 − ?̇?′𝑐𝑜𝑠                                                                                                (7) 
 
In Eqs. 4-7, it can be assumed that 𝑢(𝜉, 𝑡) = 𝜓(𝜉)𝑞(𝑡) for flexure. Accordingly, the time variable 𝑞(𝑡) captures the 
flexural displacement at the top of the SRW as a function of time and 𝜓(𝜉) defines the deformed shape of the SRW 
in the range of 0 ≤ 𝜉 ≤ 𝐻𝑤, with boundary conditions of 𝜓(𝐻𝑤) = 1, 𝜓(0) = 0, and  𝜓
′(0) = 0. Eq. 8 presents the 









3                                                                                                                                                                  (8) 
 
The time integral of variation in kinetic energy can be expressed using Eq. 9: 
 






∫[𝛿 𝛿𝑞 𝛿𝑣] [
[−(𝐼5 + 𝑞
2(𝐼1 + 𝐼4)) ̈ − (𝐼2 + 𝐼6)?̈? + (𝐼3𝑞𝑐𝑜𝑠 + 𝐼9𝑠𝑖𝑛 )?̈? − 2𝑞?̇? ̇ (𝐼1 + 𝐼4)]
−(𝐼1 + 𝐼4)?̈? − (𝐼2 + 𝐼6) ̈ + 𝐼3𝑠𝑖𝑛 ?̈? + 𝑞 ̇
2(𝐼1 + 𝐼4)
−(𝑀 +𝑀𝑠)?̈? + (𝐼3𝑞𝑐𝑜𝑠 + 𝐼9𝑠𝑖𝑛 ) ̈ + 𝐼3𝑠𝑖𝑛 ?̈? + 2𝐼3?̇? ̇𝑐𝑜𝑠 + ̇
2(−𝐼3𝑞𝑠𝑖𝑛 + 𝐼9𝑐𝑜𝑠 )
] 𝑑𝑡                       (9) 
 
where 𝑀 and 𝑀𝑠 are the SRW’s and added masses, respectively; and all 𝐼𝑖  parameters represent constants of integration 
over the total mass (i.e., ∫𝑑𝑚) of the SRW, as defined in the Appendix.  
 
The potential energy, 𝑉, in the SRW is divided in the following components: a) Gravitational potential energy, 𝑉𝑔; b) 
Strain energy produced by the elastic flexural deformations within the SRW, 𝑉𝑓; and c) Potential energy due to 
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horizontal ground excitation, 𝑉𝑢?̈?. The time integral of variations in these three components of 𝑉, 𝑊𝑃𝑇 , and 𝑊𝐶𝑓 is 
estimated as follows: 
 






 (𝐼3𝑞𝑐𝑜𝑠 + 𝐼9𝑠𝑖𝑛 )𝑔 − (𝐼9𝑐𝑜𝑠 − 𝐼3𝑞𝑠𝑖𝑛 )?̈?𝑔 −∑ 𝐶𝑗
𝑁






𝐼3𝑠𝑖𝑛 𝑔 − 𝐼7𝑞 − 𝐼3𝑐𝑜𝑠 𝑢?̈?











𝑑𝑡             (10) 
 
where 𝐶𝑗 denotes the distance of the j
th fiber from E{ξ, η}; 𝐹𝑃𝑇𝑖  is the tensile force developed in the i
th tendon; 𝑔 
denotes the acceleration of gravity; ?̈?𝑔 is the horizontal ground acceleration; and 𝐶𝑗 is the compressive force produced 
by the jth fiber. The values of 𝐹𝑃𝑇𝑖  and 𝐶𝑗 are estimated using the cyclic rules discussed later in this paper.  
 











𝛿                                                                 (11) 
 
𝛥𝐶 = −𝑣 + 𝐶𝑠𝑖𝑛 ⟹ 𝛿𝛥𝐶 = −𝛿𝑣 + ( 𝐶𝑐𝑜𝑠 )𝛿                                             (12) 
 
Two mechanisms are used to capture the work by inherent viscous damping, 𝑊𝑐,  in the SRW: a) continuous damping 
by the flexure mode using the coefficient 𝑐𝑓; and b) continuous damping at or near the wall base using the coefficient 
𝑐𝑟𝑖, which addresses forms of energy loss that are not captured in the modelled hysteresis (e.g., damping due to small 
deformations in the foundation and wall deformations in the elastic range). These two coefficients are constant during 
the analysis and proportional to the corresponding damping ratios 𝑓  and 𝑟𝑖 , producing forces that vary linearly with 
a) the velocity of the SRW in flexure; and b) the velocities of the fibers in the z-direction, respectively. 
 
 𝑐𝑓 can be estimated using the following equation of motion of the SRW for flexure: 
 
 (𝐼1 + 𝐼4)?̈? + 𝐼8𝑐𝑓?̇? + 𝐼7𝑞 = −𝐼3𝑢?̈?                               (13) 
 





                                    (14) 
 
Similarly, 𝑐𝑟𝑖 is obtained based on the elastic response of the SRW in the z-direction, which results in the following 
equation of motion:  
 
(𝑀 +𝑀𝑠)(?̈? + 𝑔) + 𝑐𝑟𝑖𝑁?̇? + 𝐾𝑣𝑣 = 0                                                   (15) 
 
where 𝐾𝑣 denotes the elastic stiffness in the vertical direction of the SRW; and 𝑁 is the number of fibers in the zero-
length element. Note that 𝑐𝑟𝑖𝑁?̇? ⟶ 0 when 𝛥𝐶 < 0, which occurs when the SRW lifts off the foundation base. For 
estimating 𝑐𝑟𝑖, 𝐾𝑣 assumes a free-standing SRW, as it is hypothesized that the addition of tendons may not influence 
the inherent viscous damping in large-scale SRWs. As per [49 and 52], all compressive deformations at or near the 
wall base occur below the height 𝑍𝑐, as discussed previously in Figure 4. The steps for estimating 𝑍𝑐 in concrete and 







                       (16) 
 
where 𝐸𝑗, 𝑑𝑥𝑗, and 𝑡𝑗 are the elasticity modulus, length, and thickness of the j
th fiber, respectively. The value of 𝑐𝑟𝑖 per 







                        (17) 
 
Using Eqs. 3, 14, and 17, the time integral of variation in 𝑊𝑐 is obtained using the following expression: 
 
















𝑑𝑡                                                                              (18) 
 





2(𝐼1 + 𝐼4)) −(𝐼2 + 𝐼6) 𝐼3𝑞𝑐𝑜𝑠 + 𝐼9𝑠𝑖𝑛
−(𝐼2 + 𝐼6) −(𝐼1 + 𝐼4) 𝐼3𝑠𝑖𝑛






−2𝑞?̇? ̇(𝐼1 + 𝐼4)
𝑞 ̇2(𝐼1 + 𝐼4)
2𝐼3?̇? ̇𝑐𝑜𝑠 + ̇
















































As per SRM and MSRM [13, 34], rocking structures dissipate part of their kinetic energy during impacts on the 
foundation base. These impacts occur when → 0, with the structures experiencing impulsive responses. The dynamic 
analysis approach in this paper adopts the MSRM for estimating the associated impact energy loss in SRWs, because 
it has been shown experimentally to more accurately represent these wall systems [34, 48, 56]. The MSRM assumes 
that the resultants of the produced impulses during impacts occur at a distance 𝑘
𝐿𝑤
2
 from the wall’s centerline, with 
𝑘 = 0.72. Note that in the MSRM, 𝐿𝑤 represents the original base length of the SRW. However, when excessive 
damage occurs along the SRW’s base (e.g., as in [11]), it is suggested that 𝐿𝑤 in the MSRM be reduced to include 
only the regions with no or limited damage. As shown later in this paper, such an extent of damage was not observed 
in the experimental SRWs examined here; using the original 𝐿𝑤 in the MSRM adequately captured their responses. 
 
Based on experimental observations [20, 34, and 48], the impact events are practically of zero duration and can be 
assumed to occur instantaneously when point O in Figure 5 establishes contact with the foundation base, inducing 
horizontal Ix and vertical Iz impulses. To estimate the SRW’s response just after the impact, impulse-momentum 
equations in the horizontal, vertical, and rotational directions can be employed. In these equations, ̇+ and ?̇?+ and the 
two impulses are unknown. Although it is possible for flexure to also have an influence on the impacts (e.g., as shown 
in [46] for the case of flexible rocking structures), it is assumed here that ?̇?+ ≈ ?̇?−, considering that flexural motions 
in structural SRWs are small and their effect on impact events can be neglected. This is consistent with previous 
experiments of SRWs, which did not show a contribution of flexure on impact energy loss. For the case presented in 
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− express the horizontal and vertical velocities of a point on SRW, just after (+) and just before (−) the impact, 




A fourth equation is required to determine the impact responses of SRWs. To obtain this equation, previous research 
assumed a reduction to the vertical velocity at the idealized impact point by a dimensionless parameter , with  0 ≤
≤ 1 [38]. However, selection of  was arbitrary and its accuracy with respect to experimental data was not examined. 
A different approximation is made here by using ̇+ ≅ √𝑟 ̇−, which can provide good accuracy in the case of 
relatively stiff rocking interfaces, as those considered in this research study (e.g., concrete and masonry SRWs). 
































(𝐼9𝑐𝑜𝑠 − 𝐼3𝑞𝑠𝑖𝑛 ) ̇
−
−(𝐼3𝑞𝑐𝑜𝑠 + 𝐼9𝑠𝑖𝑛 ) ̇







  (21) 
 
with 𝑟 being computed using Eq. 2. 
 




The cyclic behaviors in the unbonded tendons and fibers of the zero-length element are defined in this section. 




The behavior of unbonded tendons is estimated using the stress-strain cyclic rules described in [52 and 56]. These 
rules are based on the following envelope stress-strain response: 
 
𝑓𝑠 = {
𝐸𝑠 𝑠 𝑠 ≤ 0.004















                 (23) 
 
where 𝐸𝑠 is the modulus of elasticity of the tendon; 𝑠 is the strain developed in the tendon that is estimated as 𝑠 =
𝛥𝑃𝑇
𝐿𝑢
 with 𝐿𝑢 being the unbonded length of the tendon and 𝛥𝑃𝑇  being the tendon elongation, as described in Eq. 11; and 
𝑄𝑜, 𝑓𝑐ℎ, 𝑓𝑜,𝑠, and ?̅? are numerical parameters defined in [52 and 56].  
 
The corresponding cyclic response is reproduced in Figure 6a. A derivation of this cyclic response is provided in [52 
and 56]. Using this response, the value of 𝐹𝑃𝑇𝑖  in the i
th tendon is estimated as 𝐹𝑃𝑇𝑖 = 𝑓𝑠,𝑖𝐴𝑠,𝑖, where 𝑓𝑠,𝑖 and 𝐴𝑠,𝑖 denote 





Fibers in zero-length element 
 
Fibers in the zero-length element are assigned either confined concrete or masonry material properties, as per wall 
construction near the wall base. The envelope stress-strain responses of concrete and masonry materials are based on 
the models by Kent and Park [57] and Priestley and Elder [58], respectively, including the following considerations: 
a) increase in fiber strength due to confinement effects (e.g., by transverse reinforcement or lateral friction at the 
rocking interface) is taken into account; and b) fibers sustain 10% of their unconfined compressive strength up to 

















] 𝑐 ≤ 𝑙
𝐾𝑓𝑐
′(𝑜𝑟 𝑓𝑚
′)[1 − 𝑍(𝑜𝑟 𝑍𝑚)( 𝑐 − 𝑙)] 𝑝 > 𝑐 > 𝑙
0.1𝑓𝑐
′(𝑜𝑟 𝑓𝑚
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 denote the compressive concrete and masonry stresses and actual material strengths, 
respectively; 𝑐 is the compressive strain corresponding to 𝑓𝑐 or 𝑓𝑚; 𝐾 = 𝑓𝑐𝑐
′/𝑓𝑐
′
 and 𝐾 = 1.067𝑓𝑐𝑚
′/𝑓𝑚
′
 for concrete 




 are the confined compressive strengths, which account for confining 
reinforcement near the wall toes [59] and confining lateral friction at the rocking interface [50], respectively. 
Moreover, 𝑙 = 0.002𝐾, except for partially-grouted or ungrouted masonry SRWs, where 𝑙 = 0.0015𝐾 is assumed 
[50]. Definitions for 𝑝, 𝑍, and 𝑍𝑚 are detailed in [57 and 58].  
 
Upon unloading, residual strains, 𝑟𝑒𝑠, can be developed in the fibers. Estimation of these strains is based on [59] for 
concrete fibers that are confined with transverse reinforcement and [52] for masonry fibers. Accordingly, Eqs. 25 and 
26 are used to estimate 𝑟𝑒𝑠, respectively for concrete and masonry fibers. 
 
𝑟𝑒𝑠 = 𝑜 − ( 𝑜 + 𝑎)
𝑓𝑜
𝑓𝑜+𝐸𝑐𝜀𝑎
                                       (25) 
 






) and 𝑎 = 𝑎√ 𝑙 𝑜 
 










                             (26) 
 
where 𝑓𝑜 and 𝑜 are the concrete and masonry stress and strain, respectively, at the beginning of the unloading curve; 
𝐸𝑐 denotes the modulus of elasticity of concrete; and 𝐸𝑚,𝑖 is the initial tangent modulus of Eq. 24. Note that Eq. 26 
was originally developed in [60]. 
 
Incorporating these properties into the cyclic rules of [56], the responses of concrete and masonry fibers are defined. 
In the case of masonry fibers, this is demonstrated in Figure 6b. Note that due to the dry wall-to-foundation 
connection, no tensile strains are imparted to the concrete/masonry fibers. The value of 𝐶𝑗 in the j
th concrete/masonry 
fiber is estimated as 𝐶𝑗 = 𝑓𝑐,𝑗𝑑𝑥𝑗𝑡𝑗, where 𝑓𝑐,𝑗, 𝑑𝑥𝑗, and 𝑡𝑗 denote the fiber’s stress, length, and thickness, respectively. 
 
 
(a) Unbonded tendon                             (b) Masonry fiber 




In the proposed dynamic analysis approach, the compressive strains in the concrete/masonry fibers are obtained using 
the compressive deformations at the wall base, which are expressed in the variable 𝛥𝐶, as in Eq. 12. These 
deformations are converted into strains to match experimental strain estimates in concrete and masonry SRWs, as per 









}                                                            (27) 
 
where, as shown in Figure 4, 𝑐𝜃 denotes the estimated contact length between the SRW and the foundation base; and 
𝛽 is an empirical parameter that was obtained based on experimental measurements [52]. The coefficients 0.06𝐻𝑤  
and 𝛽𝑐𝜃 represent the height 𝑍𝑐 in concrete and masonry SRWs, respectively, and can be used to reproduce 
experimental compressive strains at the bottom toes of these walls [49 and 52]. 
 
EXPERIMENTAL DATA AND ANALYSIS RESULTS 
 
This section discusses results from the proposed dynamic analysis approach in comparison with experimental data of 
precast concrete and masonry SRWs. 
 




Figure 7 shows a reinforced concrete SRW without UPT that was tested in the structural laboratory of Iowa State 
University. The SRW had a cross-section of 0.178 x 0.711 m2 (width x length) and height of 2.426 m. No added mass 
was used. The SRW was placed on a reinforced concrete foundation which was anchored to the laboratory’s strong 
floor using unbonded threaded bars. A 0.025 m thick non-shrink grout layer with specified strength of 55.16 MPa was 
cast at the rocking interface to ensure full contact between the SRW and the foundation base. To minimize damage in 
the SRW, Grade 60 steel angles were embedded in its toes using 0.05 m long shear studs. These angles were used to 
minimize damage at the toes during rocking motions. The SRW was subjected to free vibration motions with lateral 
drift ratios measured at the top of the SRW up to 3%. Additional properties of this SRW are included in Table 1, 
while further discussion about the test set-up and data acquisition can be found in [34 and 48]. 
 
 





Table 1  Key parameters of the concrete SRW. 




 [59] 𝑍𝑐 [49] 𝑟, SRM 𝑟, MSRM 
963.2 kg 513.0 kg-m2 1.21 m 31 MPa 51 MPa 0.15 m 0.78 0.88 
Table notes: 𝑀 is the mass of the SRW; 𝑍𝑐𝑚 denotes the height of the center of mass of the SRW measured 




The dynamic analysis approach was used to estimate the experimental responses of this SRW at initial top lateral drifts 
(ITLDs) of 1% and 2%. Values of 𝑓 = 𝑟𝑖 = 1% were assigned to the damping of the flexure mode and rocking 
interface, respectively, which agrees with long-established observations that well-reinforced concrete structures have 
an inherent material damping at 1-2%, assuming no sliding surfaces [61]. Figure 8 compares the analysis approach 
(denoted as “Analysis” in the figure) with experimental data of total lateral drift and velocity responses, as measured 
experimentally at the top of this SRW. Additionally, the figure includes estimates per the MSRM-CD, which is a 
simplified model developed in [48] to capture impact using the MSRM and continuous energy loss at the rocking 
interface using a linear damping parameter. The Analysis provided a better estimation of the experiments than the 
MSRM-CD. Some deviations between experiment and Analysis occurred only later in the tests. For example, it is seen 
that the experimental velocity amplitudes were lower than those estimated numerically, while the experimental 
velocities experienced a sudden drop at the impacts. However, it is unclear if these differences between experiment 
and Analysis are realistic or caused by noise in the data acquisition, which is possible to occur near the impact events, 
as discussed in [48]. Next, the lateral drifts due to rocking are compared in Figure 9. In agreement with [48], 
experiment and Analysis show that this SRW concentrated most of its deformations near the rocking interface, 
indicating that flexure responses were negligible. 
 
 
Figure 8 Total lateral drift and velocity responses at the top of the single rocking wall. 
 
 




This observation is further highlighted in Figure 10, which presents the accumulative percent contributions of all 
energy loss components to the total energy loss during the two tests. In this figure, impact energy loss included the 
instantaneous decreases in the kinetic energy of the SRW at impacts, while hysteresis was computed per time step of 
the Analysis as the dissipated energy produced in the stress-strain responses of the concrete fibers at the wall base. 
Moreover, inherent viscous damping due to flexure (i.e., 𝑐𝑓) and rocking (i.e., 𝑐𝑟𝑖) were estimated per time step of the 
Analysis as the work produced by the corresponding damping forces, which are detailed in Eq. 19. 
 
In the case of ITLD = 1%, the contribution by flexure (i.e., 𝑐𝑓) was 1.4%, while impact was responsible for 76.0% of 
the total energy loss. A lower contribution of 13.7% was produced by hysteresis in the fibers, with the Analysis 
indicating their degradation to be small. This observation agrees with the experimental responses of this SRW, where 
no damage was visually observed [48]. Another observation in agreement with [48] is that continuous energy loss can 
occur at the rocking interface of SRWs, contributing a 22.6% (i.e., 𝑐𝑟𝑖 and hysteresis combined) to the total energy 
loss in this case. Though this estimate is about three and one-half times lower than the impact energy loss, accounting 
for continuous energy loss was necessary in the Analysis to capture the experimental decay of motion (e.g., see also 
[48] for comparisons with the MSRM, which assumed only impact energy loss). A similar behavior is shown in the 
test with ITLD = 2%, where the contribution by impacts was 69.7%, while hysteretic energy loss increased to 17.9%, 
due to increase in the compressive forces at the rocking interface. Like ITLD = 1%, flexure contributed as little as 




Figure 10 Percent contributions to total energy loss as per the dynamic analysis approach. 
 




Figure 11 presents a concrete masonry SRW with concentric UPT that was tested by Wight et al. [15] using shake 
table excitations. The wall was partially-grouted and had a cross-section of 0.143 x 1.016 m2 (width x length) and 
height of 2.438 m. Additional concrete blocks were attached at the top of this SRW to simulate a seismic mass 
corresponding to a tributary area of 9.0 m2. The SRW was posttensioned using an unbonded threaded bar with nominal 
diameter of 15 mm and effective cross-sectional area of 177 mm2. The bar had a specified tensile yield strength of 
𝑓𝑝𝑦 = 900 MPa and rupture strength of 𝑓𝑝𝑢 = 1,100 MPa. Additional properties of this SRW are included in Table 
2. According to the test procedure, the masonry SRW was initially placed on top of a reinforced concrete foundation 
and tested as part of a jointed wall system. The jointed system included an additional concrete masonry wall that was 
connected horizontally to the SRW using a vertical shrinkage control joint. The system was subjected to fourteen 
shake table tests using various horizontal base motions. As a component of this system, the SRW experienced lateral 




Subsequently, the SRW was subjected alone to a set of twenty-two horizontal base motions, producing the maximum 
lateral drift ratios shown in Table 3. From this set of tests, Tests #5 and 7 to 9 were included here to compare with the 
dynamic analysis approach as these tests captured a broad variation of the lateral drifts experienced by the SRW, 
including the overall maximum lateral drift that was recorded in all the tests. Moreover, a free vibration response of 
this SRW was produced in Test #9 using an impulsive excitation that induced an initial lateral drift to the wall. This 
excitation was used here to numerically estimate the SRW’s energy loss during a natural decay of motion. Moreover, 
Test #5 was included to evaluate previous research findings by [48], which showed that modeling of rocking responses 
may be less accurate at small drift levels. This is because SRWs develop a large contact area with the foundation base 
at these drifts, which can amplify the effect of interface imperfections on rocking behavior. Table 4 describes the four 
shake table excitations corresponding to Tests #5 and 7 to 9. 
 
 
Figure 11 Geometry of the concrete masonry single rocking wall. 
 
Table 2  Key parameters of the concrete masonry SRW. 
𝑀 𝑀𝑠 𝐼𝑐𝑚 𝑍𝑐𝑚 𝑓𝑚
′
 𝑍𝑐 [52] 𝑟, SRM 𝑟, MSRM 
577.6 kg 1438.5 kg 2050.2 kg-m2 2.17 m 20.8 MPa 0.135 m 0.84 0.91 
Table notes: 𝑀𝑠 denotes the total mass of added blocks; and estimation of 𝑍𝑐𝑚 accounted for the added blocks. 
 
Table 3  Experimental maximum lateral drift responses of the concrete masonry SRW. 
Test # Max. drift ratio, % Test # Max. drift ratio, % 
1 0.06 12 0.21 
2 0.22 13 0.18 
3 0.19 14 0.27 
4 0.19 15 0.18 
5 0.18 16 0.19 
6 0.14 17 0.21 
7 0.33 18 0.16 
8 0.99 19 0.38 
9 1.48 20 0.59 
10 0.39 21 0.96 





Table 4  Details of selected shake table tests conducted on the concrete masonry SRW. 





5 El Centro – 180 o  18/05/1940 75.9 kN 1 1 
7 Tabas – 344o 16/09/1978 75.8 kN 1 0.38 
8 
Northridge, Sylmar – 
360o 
17/01/1994 75.7 kN 1 0.60 




Prior to Test #5, the SRW was subjected to a total of twenty shake table motions, which induced minor spalling to the 
masonry near the wall toes and cracks within the base mortar joint [15]. It was therefore hypothesized that some 
degradation would have occurred in the masonry at or near the wall base. To account for this degradation in the 
analysis, a lateral drift history was assembled to include all maximum positive and negative lateral drifts that the SRW 
underwent in all tests prior to Test #5. The corresponding history is presented in Figure 12a. Using this lateral drift 
history, the quasi-static analysis approach developed in [52] was employed to estimate the corresponding residual 
strains 𝑟𝑒𝑠 in the fibers of the zero-length element. Even though this analysis approach has been able to capture the 
strength degradation and 𝑟𝑒𝑠 in previously tested SRWs (i.e., as shown in [52 and 53]), preliminary estimates of 𝑟𝑒𝑠 
in this SRW exceeded experimental observations. Furthermore, the analysis indicated that damage at the wall base 
would propagate to the wall centerline, which was not found to be the case with the test. In the absence of experimental 
data to accurately estimate the sources of these different results, it was found that modifying Eq. 26 could improve 
consistency with experimental behavior. Accordingly, Eq. 26 was modified to assume 𝐸𝑚,𝑖 → 𝐸𝑚, where 𝐸𝑚 denotes 
the modulus of elasticity of masonry per [62]. The improved distribution of 𝑟𝑒𝑠 along the wall base is presented in 




Figure 12 a) History of maximum total lateral drifts in all tests prior to Test #5, where PTi denotes the 
initial UPT force used in each test; b) Estimates of residual strains 𝜺𝒓𝒆𝒔 prior to Test #5. 
 
Next, the dynamic analysis approach was employed to reproduce the experimental responses of the SRW in Tests #5 
and 7 to 9. Values of 𝑓 = 𝑟𝑖 = 5% were assumed in the analysis, which are reasonable estimates of damping ratios 
associated with the dynamic behavior of masonry walls, according to previous research (e.g., [63]). Figure 13 presents 
the total lateral drift vs. time responses as recorded experimentally and using the dynamic analysis approach. To 
evaluate the effect of the preceding 𝑟𝑒𝑠 in the responses, two analysis results were produced: a) Analysis I, which 
accounted for the 𝑟𝑒𝑠 distribution shown in Figure 12b; and b) Analysis II, which assumed 𝑟𝑒𝑠 = 0 in all the fibers 
just before Test #5. The figure indicates that Analysis I accurately estimated the lateral drift responses in Tests #7 and 
8. Some deviations from the experimental responses are seen in Test #5, which can be expected based on the previous 
discussion. Moreover, Analysis I was able to capture the maximum drift responses of Test #9 but deviated 
subsequently; however, it adequately followed the decay of motion in this test. On the other hand, Analysis II 
underestimated the experimental drift responses in most cases. It is therefore emphasized based on these comparisons 







Figure 13 Total lateral drift of the single rocking wall vs. time. 
 
Next, the discussion focuses on Tests #7 to 9, as they experienced the highest lateral drifts in the selected test series. 
Figure 14 shows that Analysis I captured the total lateral velocities at the top of the SRW with adequate accuracy, 
while Figure 15 presents the estimated lateral drifts attributed to rocking motions. As expected, the SRW concentrated 
most of its deformations at the rocking interface. In the absence of instrumentation to estimate flexure and shear 
deformations above the rocking interface, deformations other than those of rocking are attributed to flexure, as shear 
deformations can be neglected in structural SRWs [52 and 54]. Comparing Figures 9 and 15, flexure had a larger 
contribution in the masonry SRW than the concrete SRW discussed previously, which is supported both by 
experiments and Analysis I. In Test #7, Analysis I shows that 8% of the total drift was produced by flexure at the total 
drift of 0.2%; this percent contribution reduced to 2% at a 1% total lateral drift (Test #9). Next, Figure 16 compares 
the experimental lateral forces (i.e., base shear) of the masonry SRW at peak lateral drifts, as estimated in [15], with 
Analysis I, using Eq. 28 (i.e., note that ?̇? → 0 at peak lateral drifts). Good agreement is obtained for Tests #7 and #8, 
with some deviations occurring only in Test #9, where Analysis I slightly overestimates the strength degradation in 
this wall. 
 





Figure 14 Total lateral velocity at the wall top vs. time. 
 
 
Figure 15 Lateral drifts at wall top attributed to rocking motions. 
 
 
(a) Test #7              (b) Test #8               (c) Test #9 
 
Figure 16 Lateral force responses at peak lateral drifts of the single rocking wall. 
 
Additional comparisons are provided in Figures 17 and 18 to verify that the dynamic analysis approach can reproduce 
local responses that are particularly important in the design of structural SRWs with UPT. First, it is shown that the 
UPT forces in the masonry SRW were captured accurately in all three tests in Figure 17, while Figure 18 shows that 





Figure 17 Unbonded posttensioning (UPT) force vs. total lateral drift. 
 
The analysis results in Figure 18 deviated from the experimental values only at lateral drifts below 0.1%. In particular, 
the data shows that the contact length reduced drastically below 0.1%, implying that the SRW may not have any 
contact with the foundation base near the impact phase (i.e., when → 0). A similar behavior was captured in Analysis 
I of Test #9, which suggests that the SRW might have fully lifted off the foundation for an infinitesimal time interval 
just after the impact. This behavior in the numerical solution was caused by the upward impulse to the wall base at 
the impact event, as shown in Figure 5. Though these analysis results provide some evidence for full uplift, it is 
unclear whether this behavior occurred in the experiment or the data was affected by noise, which is likely to occur 
near the impact phases as discussed previously in [34 and 48]. 
 
 
Figure 18 Contact length vs. total lateral drift. 
 
Finally, the percent contributions of the energy loss components were estimated numerically for the free vibration 
phase of Test #9 as shown in Figure 19. This phase was selected here to establish variations in energy loss during a 
natural decay of motion. Moreover, this selection ensured that no seismic energy was imparted to the SRW which 
could alter the wall responses. The energy loss components were computed as in Figure 10 with the addition of any 
dissipated energy produced in the unbonded bars, which was included in the hysteretic energy loss. As expected, the 
hysteretic action captured most of the total energy loss early in the test when the larger lateral drifts occurred. This 
component eventually contributed a 22.3% to the total energy loss, while a 2.5% was produced by flexural damping 
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(i.e., 𝑐𝑓). The latter value is slightly higher than the concrete SRW, due to the larger flexural motions in the masonry 
SRW and higher 𝑓. Contribution by 𝑐𝑟𝑖 increased substantially with the decay of motion. Similar response of this 
interface damping was also observed in [19 and 48] and is largely attributed to the increasing contact length with 
decreasing lateral drifts. Overall, continuous energy loss, including hysteretic action, captured 54.7% of the total 
energy loss in this SRW. Yet, impact energy loss contributed as high as 45.3% to the total loss, suggesting impact as 
an equally significant damping mechanism in masonry SRWs. This observation is emphasized in view of recent 
research that ignores impact energy loss in the seismic responses of these walls [64]. 
 
 
Figure 19 Percent contributions to total energy loss in Test #9 as per Analysis I. 
 
ENERGY LOSS UNDER SEISMIC EXCITATION 
 
Contributions from different energy loss components in SRWs were investigated numerically using horizontal ground 
motions. Table 5 describes two near-field and one far-field ground motions that were selected for this purpose [65]. 
Acceleration data for these motions were obtained from the PEER database [66]. The investigation assumed concrete 
masonry SRWs, as a) their energy loss characteristics during ground motions have not been investigated adequately 
compared to concrete SRWs (e.g., [16]); and b) hysteretic action, which is central to the discussion in this paper, 
would be more pronounced in concrete masonry SRWs, as discussed previously.  
 
Table 5 Summary of horizontal ground motions. 
M Year Earthquake Recording Station Record Set Scaling factor for ?̈?𝑔 
7.6 1999 Chi-Chi Taiwan CHY101 Far-field 2.94 
6.9 1989 Loma Prieta BRAN Near-field 2.00 
6.7 1994 Northridge-01 Rinaldi Receiving Station Near-field 1.14 
 
Table 6 presents the range of wall properties that was considered to match details of prototype masonry SRWs [9-12, 
15], which generally represent the design characteristics of this wall type in building structures. In all cases, a height 
of 2.438 m was used as in [15] and a constant wall thickness of 0.144 m, which corresponds to fully-grouted 6-inch 
concrete masonry units. All SRWs included unbonded threaded bars and supported the same seismic mass at their top 
as in [15], simulating a tributary area of 9.0 m2. Planar dimensions of 3.0 x 0.2 m2 (length x depth) were assigned to 
this area to simulate its rotational inertia during the seismic responses. 
 
Table 6 Range of properties for the masonry SRWs in the numerical investigation. 
Parameter Value/Range Parameter Value/Range 
Height 2.438 m Axial force ratio, 𝑃𝑖/(𝑓
′
𝑚
𝐴𝑚)   0.025 - 0.15 
Length 1.016 - 3.048 m 𝑓  and 𝑟𝑖  5% 
Thickness 0.144 m 𝑀𝑠 1438.5 kg 
𝑓′
𝑚
 14 - 26 MPa 𝑁𝑃𝑇  1 - 3 
𝐴𝑠 177 mm
2 𝑆𝑃𝑇  (i.e., when 𝑁𝑃𝑇 = 2 or 3) 0.194 - 0.806 m 
Table notes: 𝑃𝑖  denotes the total initial vertical force estimated at the base of the SRW; 𝐴𝑠 and 𝐴𝑚 denote 
the effective cross-sectional areas of the unbonded threaded bars and SRW, respectively;  𝑆𝑃𝑇  denotes the 




A total of 108 SRW configurations were developed using the above-referenced properties. To excite the walls into 
lateral drifts within the range examined previously in this paper, the three ground motions were scaled as indicated in 
Table 5. Using the scaled motions, seismic responses of the walls were obtained to compute the corresponding energy 
losses in terms of equivalent damping ratios, 𝑒𝑞 . The 𝑒𝑞  was computed separately for each energy loss component 
using the substitute damping approach [61], which satisfies the following equality: 
 




] = 𝐸𝑑,𝑖                                                           (29) 
 
where 𝐸𝑑,𝑖 denotes the energy that is dissipated in the SRW by the i
th energy loss component until time 𝑡, which is an 
arbitrary time during the seismic response. An appropriate estimate for 𝑡 was assumed to be the moment upon 
completion of a cycle that included the maximum lateral drift in the response. Moreover, 𝐼𝑒𝑞  and 𝜔𝑒𝑞  are the dynamic 
properties of the linear substitute structure, which were estimated as per [67]. In the case of SRWs, the substitute 
structure may be represented by a simple inverted-pendulum system that uses a single rotational DOF [16]. To 
adequately capture the rotational inertia of the SRW, 𝐼𝑒𝑞 was estimated here as the mass moment of inertia of the SRW 
with respect to its bottom corner. Also, 𝜔𝑒𝑞 = √𝑘𝑟,𝑒𝑞/𝐼𝑒𝑞 , where 𝑘𝑟,𝑒𝑞 represents the stiffness of the rotational spring 
in the system, which is equal to the secant stiffness of the actual SRW at the maximum lateral drift of its base moment 
response, as explained in [68]. 
 
 
(a) Chi-Chi Taiwan                                                                  (b) Loma Prieta 
 
       (c) Northridge-01 
Figure 20 Components of equivalent damping ratio in concrete masonry single rocking walls with 
unbonded posttensioning. 
 
Figure 20 presents the average  𝑒𝑞  values of different energy loss components with respect to various lateral drift 
ratios, for all 108 SRWs and drifts of up to 1.5%. Like [16], hysteretic energy loss and inherent viscous damping at or 
near the wall base were combined to represent the continuous ‘interface damping’ component. The interface damping 
varied from 1.43% to 3.3%, with no particular trend with respect to the lateral drifts. Inherent viscous damping due to 
flexure was small throughout the range of walls and ground motions, except for drifts between 0.25% and 0.75% due 
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to the Northridge-01 motion, where it reached its highest value of 0.93%. 𝑒𝑞  due to impact reached its highest value 
of 5.35% for the Chi-Chi Taiwan motion and the drift range of 1.25-1.50%. Finally, in the lateral drifts between 0.75% 
and 1.25%, which are of interest in simplified analysis procedures developed for design purposes, the concrete 
masonry SRWs achieved total 𝑒𝑞  values from 4.3 to 6.5%, in which interface and impact energy losses contributed 
comparably. 
 
   
CONCLUSIONS 
 
Structural single rocking walls (SRWs) may dissipate energy continuously and at impacts. Hysteretic action can be a 
source of continuous energy loss in SRWs, resulting in permanent deformations at their toes. Previous rocking models 
did not account for these deformations, as they were limited to elastic deformations and energy losses in the forms of 
viscous damping and Coulomb friction which cannot capture hysteretic behavior. This paper developed a generalized 
dynamic analysis approach to incorporate this behavior characteristic and account for various design configurations 
of SRWs. In summary: 
 
• The dynamic analysis approach employed a zero-length element at the wall base and appropriate cyclic rules to 
estimate hysteretic action and localization of damage in SRWs. Other sources of energy loss included: a) impact 
energy loss based on the MSRM [34]; and b) inherent viscous damping due to rocking and flexure.  
 
• The analysis approach was compared with experiments representing a broad range of SRWs, including precast 
concrete and masonry configurations, and the use of unbonded post-tensioning. The analysis approach compared 
adequately with the global (lateral forces and displacements) and local (rocking displacements, contact lengths at 
the rocking interface, and posttensioning forces) responses in these SRWs. It was shown that SRWs may experience 
varying degrees of flexure motions, in addition to rocking, which can be captured by the analysis approach with 
good accuracy. 
 
• Estimation of hysteretic action was found to be necessary for reproducing the experimental responses of SRWs. 
This observation was more significant in masonry than precast concrete SRWs, as damage is minimized in the latter 
with the use of confining reinforcement. 
 
• The dynamic analysis approach was employed in a numerical study to quantify the energy loss components in 
various configurations of concrete masonry SRWs subjected to horizontal ground motions. All energy loss 
components were quantified in terms of equivalent damping ratios. In the range from 0.75 to 1.25% lateral drift 
ratios, which is most likely to be used in displacement design procedures, impact and continuous energy loss at the 
rocking interface provided similar contributions, which ranged from 4.3 to 6.5%. Except few responses, damping 





1. Priestley M. Overview of PRESSS research program. PCI Journal 1991; 36(4): 50-57. 
2. Magana RA, and Schultz AE. Design and behavior of connections in precast concrete shear walls. 11 th World 
Conference on Earthquake Engineering 1996; ISBN: 0 08 042822 3: Paper no. 1738. 
3. Schultz AE, Magana RA. Seismic behavior of connections in precast concrete walls. Mete A. Sozen 
Symposium, SP-162, ACI 1996; 273-309. 
4. Schultz AE, Cheok GS, and Magana RA. Performance of precast concrete shear walls. 6th U.S. National 
Conference on Earthquake Engineering 1998, Seattle, Washington. 
5. Priestley M, Sritharan S, Conley J, and Pampanin S. Preliminary results and conclusions from the PRESSS five-
story precast concrete test building. PCI Journal 1999; 44(6): 42-67. 
6. Nakaki M, Stanton J, and Sritharan S. An overview of the PRESSS five-story precast test building. PCI Journal 
1999; 44(2): 26-39. 
7. Kurama Y, Sause R, Pessiki S, and Lu LW. Lateral load behavior and seismic design of unbonded post-
tensioned precast concrete walls. ACI Structural Journal 1999; 96(4): 622-632. 
8. Perez F, Pessiki S, and Sause R. Experimental and analytical lateral load response of unbonded post-tensioned 
precast concrete walls. ATLSS Report No. 04-11, Lehigh University, Bethlehem, PA, 2004. 
21 
 
9. Laursen PT, and Ingham JM. Structural testing of single-storey post-tensioned concrete masonry walls. TMS 
Journal 2001; 69-82. 
10. Laursen PT, and Ingham JM. Structural testing of large-scale posttensioned concrete masonry walls. ASCE 
Journal of Structural Engineering 2004; 130(10): 1497-1505. 
11. Rosenboom OA, and Kowalsky MJ. Reversed in-plane cyclic behavior of post-tensioned clay brick masonry 
walls. ASCE Journal of Structural Engineering 2004; 130(5): 787-798. 
12. Hassanli R, ElGawady A, and Mills JE. Experimental investigation of in-plane cyclic response of unbonded 
posttensioned masonry walls. ASCE Journal of Structural Engineering 2015; 142(5): 04015171. 
13. Housner GW. The behavior of inverted pendulum structures during earthquakes. Bulletin of the Seismological 
Society of America 1963; 53(2): 403-417. 
14. Marriott D. The development of high-performance post-tensioned rocking systems for the seismic design of 
structures. PhD Thesis, University of Canterbury, Christchurch, New Zealand, 2009. 
15. Wight GD, Kowalsky M, Ingham, J. Shake table testing of post-tensioned concrete masonry walls. Technical 
Report No. RD-04-04, Prepared for The National Concrete Masonry Association, North Carolina State 
University, Raleigh, NC, 2004. 
16. Nazari M, Sritharan S, and Aaleti S. Single precast concrete rocking walls as earthquake force-resisting 
elements. Earthquake Engineering and Structural Dynamics 2017; 46: 753-769. 
17. Henry RS. Self-centering precast concrete walls for buildings in regions with low to high seismicity. PhD 
Thesis, University of Auckland, New Zealand, 2011. 
18. Twigden KM. Dynamic response of unbonded post-tensioned concrete walls for seismic resilient structures. 
PhD Thesis, University of Auckland, New Zealand, 2016. 
19. Kalliontzis D, Sritharan S. A finite element approach for modelling controlled rocking systems. 2nd European 
Conference on Earthquake Engineering and Seismology 2014, A joint event of 15th European Conference on 
Earthquake Engineering and 34th General Assembly of the European Seismological Commission, Istanbul, 
Turkey, 25-29 August. 
20. Kalliontzis D. Dynamic decay of motion of rocking concrete members. MSc Thesis, Iowa State University, 
United States, 2014. 
21. Yim CS, Chopra AK, and Penzien J. Rocking response of rigid blocks to earthquakes. Earthquake Engineering 
and Structural Dynamics 1980; 8: 565-587. 
22. Aslam M, Salise DT, Godden WG. Earthquake rocking response of rigid bodies. ASCE Journal of the Structural 
Division 1980; 106(2): 377-392. 
23. Spanos PD, and Koh AS. Rocking of rigid blocks due to harmonic shaking. ASCE Journal of Engineering 
Mechanics 1984; 110(11): 1627-1642. 
24. Tso WK, and Wong CM. Steady state rocking response of rigid blocks Part I: Analysis. Earthquake Engineering 
and Structural Dynamics 1989; 18(1): 89-106. 
25. Hogan SJ. On the dynamics of rigid-block motion under harmonic forcing. Proceedings of the Royal Society, 
London 1989; A425: 441-476. 
26. Zhang J, and Makris N. Rocking response of free-standing blocks under cycloidal pulses. ASCE Journal of 
Engineering Mechanics 2001; 127(5): 473-483. 
27. Makris N, Konstantinidis D. The rocking spectrum and the limitations of practical design methodologies. 
Earthquake Engineering and Structural Dynamics 2003; 32: 265-289. 
28. Ogawa N. A study on rocking and overturning of rectangular column. Report No. 18, National Research Center 
for Disaster Prevention 1977. 
29. Priestley MJN, Evison RJ, Carr AJ. Seismic response of structures free to rock on their foundations. Bulletin of 
the New Zealand National Society of Earthquake Engineering 1978; 11(3): 141-150. 
30. Lipscombe PR, Pellegrino S. Free rocking of prismatic blocks. ASCE Journal of Engineering Mechanics 1993; 
119(7): 1387-1410. 
31. Fielder WT, Virgin LN, Plaut RH. Experiments and simulation of overturning of an asymmetric rocking block 
on an oscillating foundation. European Journal of Mechanics and Solids 1997; 16(5): 905-923. 
32. Pena F, Prieto F, Lourenco PB, Campos Costa A, Lemos JV. On the dynamics of rocking motion of single 
rigid-block structures. Earthquake Engineering and Structural Dynamics 2007; 36(15): 2383-2399. 
33. Ma QTM. The mechanics of rocking structures subjected to ground motion. PhD Thesis, University of 
Auckland, New Zealand, 2009. 
34. Kalliontzis D, Sritharan S, Schultz AE. Improved coefficient of restitution estimation for free rocking members. 
ASCE Journal of Structural Engineering 2016; 142(12): 06016002. 
22 
 
35. Čeh N, Jelenić G, Bićanić N. Analysis of restitution in rocking of single rigid blocks. Acta Mechanica 2018; 
229(11): 4623-4642. 
36. Chatzis MN, Espinosa MG, Smyth AW. Examining the energy loss in the inverted pendulum model for rocking 
bodies. Journal of Engineering Mechanics 2017; 143(5): 04017013. 
37. Psycharis IN, Jennings PC. Rocking of slender rigid bodies allowed to uplift. Earthquake Engineering and 
Structural Dynamics 1983; 11: 57-76. 
38. Palmeri A, Makris N. Response analysis of rigid structures rocking on viscoelastic foundation. Earthquake 
Engineering and Structural Dynamics 2008; 37: 1039-1063. 
39. Chatzis MN, Smyth AW. Robust modeling of the rocking problem. ASCE Journal of Engineering Mechanics 
2012; 138(3): 247-262.  
40. Yim CS, Chopra AK. Earthquake response of structures with partial uplift on Winkler foundation. Earthquake 
Engineering and Structural Dynamics 1983; 12: 263-281. 
41. Chopra AK, Yim, CS. Simplified earthquake analysis of structures with foundation uplift. ASCE Journal of 
Structural Engineering 1985; 111(4): 906-930. 
42. Psycharis IN. Effect of base uplift on dynamic response of SDOF structures. ASCE Journal of Structural 
Engineering 1991; 117(3): 733-754.  
43. Oliveto G, Calio I, and Greco A. Large displacement behavior of a structural model with foundation uplift 
under impulsive and earthquake excitations. Earthquake Engineering and Structural Dynamics 2003; 32: 369-
393. 
44. Acikgoz S, DeJong MJ. The interaction of elasticity and rocking in flexible structures allowed to uplift. 
Earthquake Engineering and Structural Dynamics 2012; 41: 2177-2194. 
45. O’Hagan J, Twigden K, Ma Q. Sensitivity of post-tensioned concrete wall response to modeling of damping. 
New Zealand Society for Earthquake Engineering Conference 2013. 
46. Vassiliou MF, Truniger R, and Stojadinovic B. An analytical model of a deformable cantilever structure rocking 
on a rigid surface: development and verification. Earthquake Engineering and Structural Dynamics 2015; 44: 
2775-2794. 
47. Vassiliou, MF, Mackie KR, and Stojadinovic, B. A finite element model for seismic response analysis of 
deformable rocking frames. Earthquake Engineering and Structural Dynamics 2016, 46(3): 447-466. 
48. Kalliontzis D, Sritharan S. Characterizing dynamic decay of motion of free-standing rocking members. 
Earthquake Spectra 2018; 34(2): 843-866. 
49. Aaleti S, Sritharan S. A simplified analysis method for characterizing unbonded post-tensioned precast wall 
systems. Engineering Structures 2009; 31: 2966-2975. 
50. Kalliontzis D, Schultz AE. Characterizing the in-plane rocking response of masonry walls with unbonded post-
tensioning. ASCE Journal of Structural Engineering 2017; 143(9): 04017110. 
51. Kalliontzis D, Sritharan S. A simple analytical model for the rocking PreWEC system. VII European Congress 
on Computational Methods in Applied Sciences and Engineering (ECCOMAS) 2016; DOI: 
10.7712/100016.2163.9386. 
52. Kalliontzis D, Schultz AE. Improved estimation of the reverse-cyclic behavior of fully-grouted masonry shear 
walls with unbonded post-tensioning. Engineering Structures 2017; 145: 83-96. 
53. Kalliontzis D, Schultz AE. Modeling of fully-grouted masonry shear walls with unbonded post-tensioning 
under reverse-cyclic loading. 3rd Huixian International Forum on Earthquake Engineering for Young 
Researchers 2017; University of Illinois, Urbana-Champaign, United States. 
54. Laursen PT, Ingham JM. Cyclic in-plane structural testing of prestressed concrete masonry walls. Phase 1: 
Simple wall configurations. Volume A: Evaluation of wall structural performance. Auckland, New Zealand: 
Dept. of Civil and Environmental Engineering, University of Auckland; 2000. 
55. Baruh H. Analytical Dynamics. McGraw-Hill. ISBN-13: 978-0073659770. 
56. Kalliontzis D. Behavior of precast concrete and masonry wall systems with jointed connections subjected to 
lateral loads. PhD Thesis, University of Minnesota, Minnesota, US, 2018. 
57. Kent DC, Park R. Flexural members with confined concrete. ASCE Journal of the Structural Division 1971; 
97(7): 1969-1990. 
58. Priestley MJN, Elder DM. Stress-strain curves for unconfined and confined concrete masonry. ACI Structural 
Journal 1983; 80(3): 192-201. 
59. Mander JB, Priestley MJN, Park R. Theoretical stress-strain model for confined concrete. ASCE Journal of the 
Structural Division 1988; 114: 1804-1825. 
23 
 
60. Chang GA, Mander JB. Seismic energy based on fatigue damage analysis of bridge columns: Part 1 – 
evaluation of seismic capacity NCEER technical report no. NCEER-94-0006. Buffalo, NY: State University of 
New York; 1994. 
61. Gulkan P, Sozen M. Inelastic responses of reinforced concrete structures to earthquake motions. ACI Structural 
Journal 1974; 71(12): 604-610. 
62. TMS 402/602. Building Code Requirements and Specifications for Masonry Structures 2016. 
63. Magenes G, Calvi GM. In-plane seismic response of brick masonry walls. Earthquake Engineering and 
Structural Dynamics 1997; 26: 1091-1112. 
64. Hassanli R, ElGawady, MA, Mills JE. Strength and seismic performance factors of posttensioned masonry 
walls. ASCE Journal of Structural Engineering 2015; 141(11): 04015038. 
65. FEMA -695. Quantification of Building Seismic Performance Factors. Applied Technology Council 2009. 201 
Redwood City, California, United States. 
66. PEER (Pacific Earthquake Engineering Research Center). “PEER ground motion database.” (2011). 
67. Priestley M, Calvi GM, Kowalsky MJ. Displacement-based seismic design of structures. Building 2007; 23(33): 
1453-1460. 
68. Kalliontzis D, Schultz AE, Sritharan S. The effect of impact energy loss in seismic response of unbonded post-
tensioned rocking masonry walls. 13th North American Masonry Conference 2019, June, Salt Lake City, UT, 
USA. 
 
APPENDIX: CONSTANTS IN EQUATIONS OF MOTION 
 
The equations for the constants 𝐼1−9 are as follows: 
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]                                                                                             (A2) 
𝐼3 = (𝜌𝑚𝑡𝑤𝐿𝑤) ∫ 𝜓(𝜉)𝑑𝜉 + 𝑀𝑠
𝐻𝑤
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where 𝜌𝑚 is the mass density of the SRW; 𝛭, 𝐿𝑤, 𝐻𝑤, and 𝑡𝑤 are the wall’s mass, length, height, and thickness, 
respectively; 𝑀𝑠, 𝐿𝑠, and 𝐻𝑠 are the mass, length, and height of the added seismic mass, respectively; 𝜓
′ and 𝜓′′ are 
the first- and second-order derivatives of the shape function 𝜓 with respect to 𝜉; 𝐸𝑐 and 𝐸𝑚 denote the moduli of 
elasticity of concrete and masonry, respectively; and 𝐼𝑔 is the geometric moment of inertia of the SRW. 
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